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PATH DERIVATIVES: A UNIFIED VIEW OF CERTAIN

GENERALIZED DERIVATIVES

BY

A. M. BRUCKNER1, R. J. O'MALLEY1 AND B. S. THOMSON2

Abstract. A collection E = {Ex: x e R) is a system of paths if each set Ex has x as

a point of accumulation. For such a system E the derivative F'l:{x) of a function Fat

a point x is just the usual derivative at x relative to the set Ex. The goal of this paper

is the investigation of properties that F and its derivative F'E must have under certain

natural assumptions about the collection E. In particular, it is shown that most of

the familiar properties of approximate derivatives and approximately differentiable

functions follow in this setting from three conditions on the collection E relating to

the " thickness' of the sets Ex and the way in which the sets intersect.

1. Introduction. In this paper we introduce the concept of a path derivative as a

unifying approach to the study of a number of generalized derivatives. There have

been, in recent years, numerous articles showing that certain generalized derivatives,

which can often substitute for the ordinary derivative when the latter is not known

to exist, share many properties of the ordinary derivative. For example, an ap-

proximate derivative has the Darboux property, is in the first class of Baire,

possesses the Denjoy property and is in Zahorski's classes t31t2 and GJ\i3 and Weil's

class %. Each approximate derivative / can be represented in the form/= g' + hk'

where g, h, and k are differentiable; the restriction of such a function/to a nowhere

dense set can be extended so as to be a derivative on all of R. Furthermore, an

approximately differentiable function F shares many properties of ordinary primi-

tives: it is of generalized absolute continuity [ACG], is differentiable on a dense

open set, has the Darboux property, assumes local extrema, and is determined by its

values on any dense set. Finally any monotonicity theorem that is valid for

differentiable functions has an analogue for approximately differentiable functions.

For precise formulations and proofs of these remarks see [1, 4, 10, 16, 18, 26, 30, 37,

41, 42, and 43].

Certain other derivatives also possess some of these properties. The Peano

derivative shares most of these (see [23,30,40-42]), while the preponderant [3,9 and

10], the selective [19,25,27, and 28] and the sequential [32] possess only a few. The

Dini derivatives, on the other hand, may have none of these properties.
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It is natural, then, to ask for a framework within which all of these derivatives can

be expressed and which reveals how the various properties arise. The perspective we

choose is to consider just those derivatives for which the derivative of a function F at

a point x can be viewed as

uniMzZW
v^x y - X

l'E£,

for appropriate choices of sets Ex. One generalized derivative, then, differs from

another only in the choice of the family of sets [Ex: x G R] through which the

difference quotient passes to its limit. For example, an approximately differentiable

function F permits a choice of sets [Ex: x G R] so that each Ex has density 1 at x;

for a Dini derivative the sets may only consist of sequences converging to x.

Although such a framework will exclude from consideration symmetric derivatives, it

will, nonetheless, include any generalized derivative for which the derivative at a

point is a derived number of the function at that point.

We shall see that much of the information concerning the behaviour of a

generalized derivative is contained in the geometry of the collection E — {Ex:

x E R}. In particular, it happens that a generalized derivative that permits a choice

of sets Ex, meeting only three conditions, must have most of the properties stated

above for approximate derivatives. These conditions relate to the " thickness" of the

Ex and the way in which the sets intersect.

We begin with a preliminary section giving the basic definitions for our structure

and a few elementary observations about that structure. In §3 we present the basic

conditions on that structure which yield our results. §4 contains some technical

lemmas on extreme derivates. The remainder of the paper is concerned with

generalized derivatives and generalized primitives. The properties of the primitives

are explored in §5 and the properties of exact generalized derivatives in §6.

Frequently differentiability in a generalized sense entails ordinary differentiability

on certain sets; this phenomenon is studied in §7. Finally, some diverse notions

appear in §8. Although there are a number of interesting, unanswered questions that

we have not addressed here, this paper contains the essential theory for these path

derivatives.

2. Preliminaries. The fundamental objects of our study are systems of paths on the

real line.

2.1 Definition. Let x G R. A path leading to x is a set Ex C R such that x G Ex

and x is a point of accumulation of Ex. A system of paths is a collection E = {Ex;

x G R} such that each Ex is a path leading to x.

2.2 Definition. Let F: R -> R and let E = [Ex: x G R) be a system of paths. If

lim F^-F^=f(x)
v->*      y-x
vE£,

is finite then we say that F is E-differentiable at x and write F'E(x) = f(x). If F is

£-differentiable at every point x then we say simply that Fis E-differentiable; we call

F an E-primitive and / an E-derivative.
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We shall speak loosely of such objects as path derivatives. Note that any function

F differentiable in the ordinary sense at a point x is necessarily ^-differentiable at x

for any choice of paths E and that F'E(x) = F'(x); also whenever F'E(x) exists it is a

finite derived number of the function F at the point x. Of course the converse is also

true: if at every point x a function F has at least one finite derived number/(x),

then a choice of paths E = {Ex: x G R) can be made so that F'E(x) = f(x)

everywhere.

This allows, then, the expression of any generalized derivative as a path derivative

provided only that, at each point, that generalized derivative is a derived number of

the function. As a great many theories have this property our language will include

many of the standard generalized derivatives. However, it is not merely the choice of

paths E = {Ex: x E R) that is our concern, but the choice of quite substantial paths.

In order to provide some language with which to express these choices of paths we

introduce a classification of paths within which various generalized derivatives can

be expressed.

2.3 Definition. We shall classify systems of paths according to the following

scheme. A system of paths E — {Ex: x E R) will be said to be

(2.3.1) of ordinary type if each Ex is a neighborhood of x;

(2.3.2) of (1, \)-density type if each Ex has density 1 at x;

(2.3.3) of (p, X)-density type if each Ex has right lower density exceeding p and left

lower density exceeding X at x (if p = 1 or A = 1 then the corresponding density is

to be equal to 1);

(2.3.4) of congruent type if Ex = Q + x for each x where Q is a set having 0 as a

member and as a point of accumulation;

(2.3.5) of sequential-congruent type if Ex = Q + x for each x where Q =

{0, hx, h2, h3,...} and {hn} is a fixed sequence convergent to 0;

(2.3.6) of qualitative type if each Ex is residual in a neighborhood of x;

(2.3.7) of unilateral type if each Ex is a one-sided neighborhood of X from one

invariable side; and

(2.3.8) of (p,-)-density type if each Ex has right lower density exceeding p (or

equal to 1 if p — 1). (-, A)-density type is similarly defined.

A number of familiar derivatives can be expressed as path derivatives along

systems of paths of these types. Certainly an ordinary derivative is just a path

derivative for a system E that is of ordinary type. For an approximate derivative

there is a system £ of (1, l)-density type and for a preponderant derivative a system

of (1/2, l/2)-density type. The congruent derivative [35] is just a path derivative for

a path system of congruent type, and similarly the sequential derivative [32] is again

such a path derivative for an E of sequential-congruent type. The qualitative

derivative corresponds to systems of qualitative type [20]. One-sided derivatives

obviously permit unilateral paths and, finally, a one-sided approximate derivative

corresponds to a choice of paths of the type (1, -) density or (-, 1) density.

2.4 Remark. A more general, if somewhat less revealing, approach to our

investigations is to introduce the notion of a "filter derivative." For each x G R let

there be given a filter N(x) converging to x. Then F'N(x) = f(x) exists for a function
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F if for every e > 0 there is an tj G N(x) with

*(y)-^)_f{x)<e
y — x

for every}' G t\,y ^ x. For example, if N(x) consists of all sets having density 1 at x

this type of derivative will characterize approximate derivatives. This has the

advantage of defining a structure that can be used to study a generalized derivative

for whole classes of functions; path derivatives, on the other hand, require choices of

paths dependent on the function under study.

Nevertheless, our approach allows us considerable flexibility. For example, one

often encounters a situation in which a function has a generalized derivative a.e. with

some further knowledge available about the derived numbers on the exceptional

measure zero set. A path approach may be natural to apply in this situation, whereas

a filter derivative might be awkward. Also by dealing always with a specific system

of paths tailored to the function, one can make alterations in the paths appropriate

to the study of that function: if F is continuous and ^-differentiable then the paths

can be altered in a number of interesting ways. One can replace E by the system

£, = [Ex: x G R), or one can find open sets Gx D /^{jc} so that F remains

differentiable for the system {Gx U {x}: x E R).

3. The basic conditions. The facts that a function F is an ^-primitive and that

f(x) = F'E(x), for a system of paths E = {Ex: x E R), say nothing about the two

functions F and/beyond the obvious fact that at each point x the number/(x) is a

derived number of the function F. By a theorem of Jarnik [17], we know there are

continuous functions F that have, at every point, each real number as a derived

number; consequently, any function / can be realized as a path derivative of such a

function F. For future reference we state this as a theorem.

3.1 Theorem. There is a continuous function F such that, given any function f on R,

a system of paths E = [Ex: x E R} can be found so that F'E = /.

A similar assertion is available for systems E that are of sequential-congruent type

(see the discussion in [4, pp. 115-117]). By using a theorem of Scholz [34], one can

require in this theorem that, for almost every x, the sets Ex have upper density 1.

Thus, even though most of the sets Ex are in some sense "thick", nothing can be

said. Our first objective is to define useful conditions on the sets {Ex} so that various

inferences can be drawn.

We begin with properties that are strictly local in character.

3.2 Definition. Let E — {Ex: x G R) be a system of paths. (If E has any of these

properties at each point, then we say that E has that property.)

(3.2.1) E is said to be bilateral at x if x is a bilateral point of accumulation of Ex.

(3.2.2) E is said to be nonporous from the left (right) at x if Ex has left (right)

porosity 0 at x.

(3.2.3) E is said to be nonporous at x if Ex has porosity 0 at x.

The basic definition of porosity [2,11,13] of a set E at x from the right is the value

limsuprJrr Kx- r< E)/r, where l(x, r, E) denotes the length of the largest open
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interval contained in the set (x, x + r) n (R\E). (Porosity 0 at x means both right

and left porosity 0. Note that a nonporous system is necessarily bilateral.)

Each of these properties is local, and, alone, none of them has any global

implications. Global properties of derivatives appear to arise from the fact that

many of the sets {Ex: x E R} must intersect in some fashion. Below we list a variety

of intersection properties for paths. The first of these is the most important and

plays a central role in the subsequent theory; the remaining properties have much

more limited application.

3.3 Definition. Let E = [Ex: x E R) be a system of paths. E will be said to

satisfy the condition listed below if there is associated with E a positive function 8

on R so that whenever 0 < y — x < min{8(x), 8(y)}, the sets Ex and Ey intersect in

the stated fashion:

(3.3.1) intersection condition (I.C.): Ex n Ev D [x, y] =£ 0;

(3.3.2) internal intersection condition (LLC): Ex n Ey D (x, y) =£ 0;

(3.3.3) external intersection condition (E.I.C.):

Ex n Ev n (y,2y - x) ^ 0    and   Ex D Ey n (2x -y, x) ¥= 0 ;

(3.3.4) external intersection condition, parameter m (E.I.C. [m])

Ex n Ey n (y,{m + \)y - mx) ¥= 0,    EXC\ Ey D ((m + l)x - my, x) # 0;

(3.3.5) one-sided external intersection condition, parameter m: as for (3.3.3) and

(3.3.4), but only one of the intersections need be nonempty.

We pause to prove a result which is closely related to the motivation for focusing

on these intersection properties. The notion of a selective derivative was introduced

in [25], and a number of derivatives (approximate, preponderant, qualitative) were

shown to be expressible as selective derivatives. Any function of two variables

p(x, y) satisfyingp(x, y) = p(y, x), andp(x, y) is between x andy for all x ¥=y, is

called a selection. For a fixed function F, selection p, and point x0, the selective

derivative Fp(x0) is, simply,

lim Hp(x0,y))-F(x0)
y^x0       p(x0, y) - x0

Here, we prove that any path derivative, for paths that are bilateral and satisfy the

I.I.C., is expressible as a selective derivative; this can be considered a generalization

of Theorem 16 of [25]. The converse proposition, that every selective derivative can

be realized as a path derivative relative to such a system, is an open question.

3.4 Theorem. Let E — [Ex: x E R) be a system of paths that is bilateral and

satisfies the LLC. Then there is a selection p such that every E-differentiable function F

is selectively differentiable relative to p, and F'(x) = F'E(x) for all x.

Proof. Let 8 be the function associated with E for the LLC. We definep(x, y) for

x <y(ify < x, letp(x, y) = p(y, x)) as follows:

(i)if0<y- x<min{8(x),8(y)}, take anyp(x, y)inEx D Ey D (x, y);

(ii)if 0<y - x < 8(x), buty - x > 8(y), then takep(x, y) E Ex n (x, y);
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(iii) if 0 <y - x < 8(y), buly - x> 8(x), then takep(x, y) E Ey n (x, y); and

finally

(iv) if y — x > 8(x), andy — x > 8(y), take p(x, y) = (x + y)/2. Now if F'E(x)

exists, it is routine to check that

h^ui.|)-W = Wi
A-0        p(x, x + h) — X

and the theorem is proved. (Here, as in [25], we intend p(x, x + h), for h < 0, to

signify p(x + h, x).)

3.5 Theorem. The chart indicates the conditions satisfied, in general, by systems of

paths of the type listed in the first column.

....     i ,n     . , ~     r , ~     E.I.C.     one-sided
type bilateral   nonporous    I.C.    LLC.    E.I.C.     ,    , _ . „ r    ,
Jr r [m\ E.I.C. [m\

ordinary yes yes yes     yes        yes yes yes

(1,1) density yes yes yes     yes        yes yes yes

(p. A) density,
yes no yes     yes        no no no

p + \ > 1

(\,\) density yes no yes     yes        yes yes yes

(p,X) density,
yes no yes     yes        no yes yes

p>\ and\>\

qualitative yes yes yes     yes        yes yes yes

unilateral no no yes     no no no yes

(p.-) density, p > 4 no no no      no no no yes

Proof. For the most part the verifications are either elementary or straightfor-

ward. For example, it is easy to see that a set Ex that has density 1 at X must have

zero porosity at that point, and a set having density less than 1 may well be porous.

If E is of type (p,X) density with p + X s= 1, we choose the function 8 so that

\Exn(x,x + t)\> pt   and   \EX n (x - t, x)\> Xt

whenever 0 < t < 8(x). Then, if 0 <y - x < min{8(x),8(y)}, we have \EXC\

(x, y)\> p(y - x) and \Ey n (x, y)\> X(y - x). Since p + X > 1, these two sets

must have a point in common, which proves both I.C. and LLC.

Let E be of type (|,-) density. Choose 8 so that \EX D (x, x + t)\> 3r/4 if

0 < t < 28(x). Then, if 0 < y - x < min{8(x), 8(y)}, we must have

\EX D(x,x + 2(y - x)) |> 3(2(y - x))/4 = 3(y - x)/2,

and hence

\Exn(y,2y-x)\>(y-x)/2.

Since \EV D (y, y + (y — x))\> 3(y — x)/4, it is clear that there must be a point in

the intersection Ex n Ev n (y, 2y — x). This establishes the one-sided E.I.C. for
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such an E. Similarly, one may show that if E is of type (|, |) density, then E satisfies

E.I.C. For density p and A, with { < p < \, and \ < X < f, the arguments can be

modified to show that E.I.C. [m] holds for an appropriate choice of parameter m.

Systems of type ({, j) density do not satisfy, in general, an E.I.C. [m]; but all our

theorems can be extended to them by decomposing the line into a sequence of sets

{Xn)x=3 so that, for x E Xn, the density of Ex at x exceeds (n + 2)/2n, and then the

E.I.C. can be used to yield results on each set of the sequence. Thus, those theorems

that use the E.I.C. apply to preponderant derivatives, but with some technical

modifications; we shall not carry out this in detail but merely mention, where it is

appropriate, that such a theorem is applicable to the preponderant derivative.

Theorem 3.5 concerns itself with a catalogue of the various familiar types of paths

that possess one or more of our properties. For the most part, the paths here involve

density considerations that immediately supply the needed intersection condition or

nonporosity property. It is less obvious that other types of derivatives will also

permit an expression as path derivatives along systems of paths having desirable

properties. In our next theorem, we prove that an exact Peano derivative can be

expressed as a path derivative of a function along a system of paths that are

nonporous. Whether these paths can even be chosen so as to satisfy any of our

intersection conditions is an open question. For definitions of the kth Peano

derivative, Fik), of a function F see [23,30,40 or 42]. Our theorem is really only an

interpretation in our language of the observation in [30, Lemma 3.5] that the kth

Peano derivative F(k)(x) at a point x must be a derived number of the (k — l)st

Peano derivative F(k~X).

3.6 Theorem. Let F be a function having everywhere jth Peano derivatives F(J) of

orders j = 1,2,3,. ..,k. Then there is a nonporous system of paths E = {Ex: x E R)

for which FEk~X)'(x) = F(k)(x) holds at all x.

Proof. The expression of F(k) as a path derivative of F(k~X) is already given by

[30, Lemma 3.5] (see also [41, p. 371]), so we need only show that the conditions in

that lemma supply, in fact, a nonporous system of paths. The proof can be reduced

then to showing the validity of the following lemma.

(3.6.1) Let F be a function that has the following property at a point x: there is a

number X so that for every e > 0 there is a 8 — 8(e) > 0 such that, whenever

0 < y — x < 8, there must be a number z with 0 <y — z < e(y — x) and \ F(z) — X \

< £. Then there is a path Ex leading to x and nonporous on the right at x such that

lim F(y) = X.
y^x

yeEx

To prove (3.6.1) let us define a sequence of numbers 8k so that 0 < 8k =£ 8(1/k)

and 8k+x < 8k/2, and define the set Ex as

00

Ex = x+  U [ok + 2,8k)n {z:\F(z)~X\<l/k}.
k=\
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It is certainly true that limv,^x ,.e£- F(y) = X (although this is vacuous if x is not a

point of accumulation of Ex), so the lemma is proved provided only that we can

show Ex is nonporous on the right at x.

Suppose not. Then there must exist a number \ < 6 < 1 and a sequence of

numbers hk |0 with (x + 6hk, x + hk) D Ex= 0 for every index k. Choose an

integer k0 larger than (1 — 0)'x (i.e. so that if k 3= A;,,, then 1 - \/k > 0) and let/,

be the first index for which h, < 8, . Fix k so that 8,,,^h, < 6\, and note that

k>k0.

Since hJn < 8k *S 8(\/k), there must be, by the assumptions of the lemma, a point

z with x < z < x + hj , (x + hJo) - z < (x + h} - x)/k = hj /k and \F(z)-X\<

\/k.
We then have the inequalities,

x + 8k+2 <x + \8k+ x<x + 66k+] <x + ehJo

<x+ (l - T)h, <z<x + h, <8k.
\        k I j0 Jo      k

From this, then, we see that \F(z) — X\< \/k and 8k + 2 < z < 8k, so z E Ex; but

also x + 6h: < z < x + h,, so z E (x + 6h,■, x + h, ). This contradicts the fact
Ja Jo' v Ja Jo'

that Ex Pi (x + ^/j^, x + hj) = 0 for ally, and the lemma is proved.

The theorem follows directly now from [30, Lemma 3.5] and (3.6.1), together with

a left-hand version of (3.6.1).

We conclude this section by systematizing some technical manipulations that will

appear nearly every time one of these intersection conditions is invoked. One of the

most frequently used tools of differentiation theory involves a decomposition of a set

into a sequence of sets, each of which has some kind of uniform behaviour for the

derivative in question. While this device is almost universally used in the literature, it

appears that it has never been formalized or given a name. We shall refer to this as a

S-decomposition.

3.7 Definition. Let 8 be a positive function and let A" be a set of real numbers. By

a 8-decomposition of X we shall mean a sequence of sets {Xn}, which is a relabelling

of the countable collection

Ymj= {xEX:8(x)>\/m} n[j/m,(j + \)/m],

m- 1,2,3,... andy = 0, ±1,±2, ±3,....

The key features of such a decomposition of a set X are:

(i)U-=1*„ = *;
(ii) if x and j belong to the same set Xn then \x — y\< min{S(;v), 8(y)}, and

(iii) if x E Xn then there are points y E X„ with \x — y\< min{5(x), 8(y)}.

This decomposition is used in differentiation theory in a variety of ways. To show

that a set X is small in some sense (e.g. countable, measure zero, first category,

a-porous), we may form an appropriate 5-decomposition and establish that each set

in the decomposition is small since, by (i), X is the union of these sets. To establish

some statement about a perfect set (e.g. to show that a function is in the first class of

Baire), we may form an appropriate decomposition of the set and then choose that
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member of the decomposition that is dense in a portion of the perfect set; the feature

(iii) allows a statement of some kind about that portion. It should be clear that such

decompositions, in the presence of an intersection condition, will provide many

results.

4. Extreme path derivates. In this section we develop a number of properties of

path derivatives in the presence of some of the conditions of the previous section.

These results, however, can be more clearly expressed in the language of extreme

derivates, rather than exact derivatives. In subsequent sections, we will return to the

study of f-primitives and their derivatives. Extreme path derivates are defined in the

obvious way.

4.1. Definition. Let E = [Ex: x E R} be a system of paths and let F be a

function on R. Then the extreme E-derivates of F at a point x are

FE{x)=nmsuVF{y)'F{x)    and   F'E(x) =   hm F{y) " F{x) .
y^x       y-x y-x     y-x

y(EEx >££a

A number of relations are immediately obvious. A function F is E-differentiable

at a point x if and only if F'E(x) — F'E(x) are finite. If F'(x) and F'(x) denote the

usual bilateral extreme derivates of F, then F'(x) <FE(x) *S FE(x) < F'(x) at every

point x. For further properties of these derivates, we are best guided, at first, by the

many known relations that hold for the Dini derivatives. The first of these was

obtained by G. C. Young [44] and has been generalized in a number of settings

[5,6,25].

4.2 Theorem. Let E = [Ex: x E R) and E* = {E*: x E R) be systems of paths,

both of which satisfy the intersection condition. Then the set {x; F'E(x) < F^»(x)} is,

for any function F, at most denumerable.

Proof. The set of the theorem is the union of the sets Xa = [x: F'E(x) < a <

F'E,(x)} for rational numbers a, so the theorem is proved if we show that each such

X" is at most denumberable. Let 8 and 8* be the positive functions associated with E

and E*, respectively, for the I.C. and choose further positive functions 8X and 82 so

that

F( v) - F(x)
_    V   ' <a   if jc E Xa,yEEx,and0<\y-x\<8x(x),

y     x

and

F( v) - F(x)
Ky_    v   ' ><x   if x E Xtt,y E E*,and0 <\y - x\< 82(x).

y   x

Set 83 = min{6\ 8*, 8X, 82), and let {X%} be a ^-decomposition of the set Xa.

We claim that each set X" contains at most a single point. If not, then there are

points x, y E X% with x <y. Select, by the I.C, a point z E Ex D Ey n [x, y\. If

z = x or z = y, then we have immediately that (F(y) - F(x))/(y — x) < a. If

x < z < y then we have

F(z)- F(x) ^ F(y) - F(z)
—^-^—t- < a   and    —^^-^ < a,

z — x y — z
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so, again, (F(y) - F(x))/(y - x) < a. Similarly, we may select a point z G E* n

E* n [x, y] and obtain that (F(y) - F(x))/(y - x) > a.

Thus, the assumption that X" contains two distinct points leads to a contradiction.

Hence, each Xa is at most denumerable, and the theorem follows.

The next theorem was obtained for the Dini derivatives by W. H. Young [45]. It

too has received a number of generalizations [5,6].

4.3 Theorem. Let E — {Ex: x E R) be a system of paths and let F be continuous. If

E satisfies the intersection condition, then F^(x) = F\x) and F'(x) = FE(x) except,

possibly, in a first category subset of R.

Proof. As in the preceding theorem let Xa denote the set X" = [x: F'E(x) < a <

F'(x)} for rational numbers a and observe that the theorem is proved if we are able

to show that X" is first category. Let 8 be the positive function associated with E by

the I.C. and choose a positive function 8X so that (F(y) — F(x))/(y — x) < a if

x E X,y E Ex,0<\x-y\<8x(x).
Set 82 — min{6\ 8,} and let {A'"} be a ^-decomposition of the set X". The

theorem follows if each set X" is nowhere dense. If not, then some X" contains an

interval (c, d). By earlier arguments we know that (F(y) — F(x))/(y — x) < a for

any points x, y £ X"; then, since F is continuous, we must have

(F(y)-F(x))/(y-x)<ct

for every pair of distinct points in (c, d) and, consequently, F'(x) *s a everywhere in

that interval. But, by assumption, F'(x) > a for those points in X" D (c, d), which

is a contradiction. The theorem then follows.

Our next theorem was first obtained by Misik [22] as an expression of the equality

between the four Dini derivatives and the four approximate Dini derivatives of

monotonic functions. By exploiting the concept of set porosity, we are able to give

conditions that are necessary, as well as sufficient, for these relations to hold.

4.4 Theorem. Let E — [Ex: x E R) be a system of paths and suppose F is

monotonic. Then:

(4.4.1) If E is nonporous on the right at a point x,

FE(x)<D+F(x)^D+F(x)^F'E(x).

(4.4.2) // E is nonporous on the left at a point x,

F^{x)<D_F(x)^D-F(x)<FE(x).

(4.4.3) If E is nonporous at a point x,

FE(x) = F'(x)   and   FE(x) = F'(x).

Conversely, these relations are maintained for all monotonic functions F only if the

nonporosity condition is met.

Proof. The proof depends on a simple lemma due essentially to Misik [22]. To

prove it we use some ideas from Evans and Humke [13].

(4.4.4) Let F be a nondecreasing function such that at a point x, D+F(x) < a. Then

the set Y — [y: (F(y) — F(x))/(y — x)> a) is porous on the right at x.
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To prove (4.4.4) choose a number B so that D+ F(x) < /J < a and set 0 = fi/a.

Since Fis nondecreasing, both a and B are positive. Select a sequence {hk} tending

down to zero so that [F(x + hk) - F(x)]/hk < B for each k, and observe that if v

belongs to any interval (x + 8hk,x + hk)v/e must have, since F is nondecreasing,

F(y)-F{x) <F(x + hk)-F(x)       hk     <B_a

y-x hk y-x      6

Consequently, all such intervals (x + 0hk, x + hk) are disjoint from the set Y, and it

is easy to see now that Y has positive porosity on the right at x as required.

Returning now to the proof of the theorem, let us address just the first part of

(4.4.1), as everything else follows in a similar manner. Consider that, contrary to the

theorem, F'E(x) > D+ F(x), at a point x, and yet Ex is nonporous on the right at x.

Choose a number a soFE(x) > a> D+ F(x). Then there is a number 8 > 0 so

Hy)~ Hx) >a   if    e£ and0 <y-x<8.
y-x

Thus

By the lemma, since D+F(x) < a, this set is porous on the right at x, and hence Ex

must also be porous on the right at x. As this is a contradiction, our result follows.

There remains only the converse part of the theorem. Suppose Ex is porous at a

point x, say on the right. Then there is a number 0 < 6 < 1 and a sequence hk |0 so

that Ex is disjoint from U£L,(jc + 6hk, x + hk). We may suppose that these

intervals are disjoint. Define a function F by setting F(t) = hk if x + hk+x *£ t < x

+ 6hk; F(t) = 6hkifx + 6hk<t<x + hk, and F(t) = 0 for all other values. Then

D+F(x) = 0 < I, andF'E(x) 3* 1. This example completes the proof. Note that one

can construct an F here that is even continuous and yet violates these relations.

We turn now to a discussion of the properties a function F must have if it has

finite extreme path derivates on a set. Oar theorems are generalizations of theorems

first obtained by Denjoy (see [33, pp. 234-240]). Recall that a function F is VBG on

a set A' if A' can be expressed as the union of a sequence of sets on each of which F is

of bounded variation VB; if the sets in the sequence can be taken as closed, Fis said

to be [VBG]. Similarly, F is (ACG) on a set X is that set can be expressed as the

union of a sequence of sets on each of which F is AC; if the sets in the sequence can

be taken as closed, then F is said to be [ACG]. Of course, if F is continuous, then

both of these are equivalent to the more familiar A CG concept.

4.5 Theorem. Let E — [Ex: x E R) be a system of paths satisfying the intersection

condition. If everywhere in a set X one of the extreme derivates ^(x) or FE(x) is

finite, then F is VBG on X. If, further, the set X is closed, then F is [VBG] on X.

Proof. As usual, it is enough to show that F is VBG on the set X = [x:

F'e(x) < +oo}. For this, suppose/is a finite function such that, everywhere in x,

F'E(x) <f(x), and define the sequence of sets Xm by Xm = {x E X: f(x) < m). Let
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8 be the positive function associated with E, by the I.C, and choose a further

positive function 8X so that

F(,y)-F(x) <f{x)   i{yEE^x^x>0<]y_xl<sM
y    A

Set 82 = min{8,, 5}, and let {X™} be a ^-decomposition of the set X'". Familiar

arguments show for points x, y in X"' that (F(y) — F(x))/(y — x) < m, and hence

F(x) — mx is monotonic on each set X™. By standard arguments, F must be VBG

on each X™ so, since X = Ux=, U~=, A1™, F is KBG on A" as required.

Now suppose X is closed. Then each X"' C A", and we shall show that F is K5 on

each X™. In fact, the inequality (F(y) - F(x))/(y — x) < m holds on A""'. Let us

prove a special case as an illustration: suppose x is a limit point of X"' andy E X™.

Then there is a sequence of points xk -» x, xA E Xnm, and by the nature of the

82-decomposition we must have \xk — x\< min{S2(x), 82(xk)} for sufficiently large

k. For such xk choose a point zk in Ex D EXk n [x, xA] or Fx n Ex n [xA, x]. If

zA. = x then certainly

[F(xk)-F(x)]/(xk-x)<m;

if zA = xk then

[F(xA.)-F(x)]/(xA.-x)</(x);

if zA lies between x and xA, then

[F(zk)-F(x)]/(zk-x)<f(x)    and    [F(xA) - F(zk)]/ (xk.- zA) < m.

In any case, we then have (supposing without loss in generality that x < zk < xk

<y)

F(y) - F(x) = F(y) - F(xk) + F(xk) - F(x)

^m(y- xk) + m(xk- zk) +f{x)(zk-x),

and hence, by letting A: -> + oo, we obtain (F(y) — F(x))/(y — x) < m. Since this

can be proved for any pair of points x, y in X"', we have that F must be [VBG] on

X, as required.

4.6 Theorem. Let E = {Ex: x E R) be a system of paths satisfying any of the

intersection conditions of Definition 3.3. Then if a function F has both Fjr(x) and FE(x)

finite everywhere in a set X, F is (ACG) on X. If, further, the set X is closed, then F is

[ACG] on X.

Proof. The proof is very close in detail to that of the preceding theorem. Let us

prove this under just the assumption that E has a one-sided external intersection

condition (m — 1). The other intersection conditions permit similar proofs. As

before, we select a finite function / so that -f(x) <F"E(x) < FE(x) <f(x) every-

where on a set X, and define Xm as the set Xm = [x E X: f(x) < m). Let 8 be that

positive function associated with E, for the one-sided E.I.C, and choose a further

positive function 8, so -f(x) < (F(y) - F(x))/(y - x) <f(x) for every x E X,

y E Ex, and 0 <\y - x\< 8x(x). Set 82 = min{8, 8X}, and let {X™} be a 52-decom-

position of the set X"'. We show that F satisfies a Lipshitz condition on each set X™,

and it will follow that Fis (ACG) on the set X = U~=i Ux=, X„m.
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Suppose x, y E X™ with x < y; then, by the one-sided E.I.C, there is a point z in

one of the sets Ex n Ey n 0\2j> - x) or Ex D Ey D (2x - y, x). Suppose the

former is nonempty. Then

\F(z) - F(x)|< m(z ~ x) ^m(2y - x - x) = 2m(y - x)

and

\F(z) - F(y)\<m(z - y) <m(2y- x-y) = m(y - x),

which gives

\F(y)-F(x)\^3m(y-x).

The same inequality holds if it is the other set that is nonempty. It follows then that

Fis (ACG) on X.

If X is closed then each A"™ E X, and arguments similar to those used in the

preceding theorem can be used to show that the Lipshitz condition is maintained on

the closures of the sets A"nm so Fis even [ACG] on X.

Finally, we obtain a monotonicity theorem expressible in terms of extreme path

derivatives.

4.7 Theorem. Let E = {Ex: x E R] be a system of paths that is bilateral and

satisfies the intersection condition. Then, in order for a function F to be nondecreasing

on an interval [a, b], either of the following suffice:

(4.7.1) F^(x) > 0 a.e. andF^x) > -oo everywhere in [a, b], or

(4.7.2) F^-(x) = F'E(x) n.e. and F£(x) > 0 a.e. in [a, b] with F in the first class of

Baire and satisfying the Darboux property.

Proof. Both of these are consequences of the general monotonicity theorems

given in [38 and 39]. The only detail that is not immediate is that a "partitioning

property" is available for this type of derivate. We will prove this here. Let us define

a collection (2 of subintervals of a fixed interval [a, b] to be an E-full cover of [a, b] if

there is a positive function 8 on [a, b] so that every interval [y, z], for which

y, z G Ex, y < x < z and 0 <y — z < 8(x), necessarily belongs to the collection Q.

The needed result is

(4.7.3) Let E — [Ex: x E R) be a system of paths that is bilateral and satisfies the

intersection condition. Then ifGis an E-full cover of the interval [a, b], & must contain

a partition of every subinterval of [a, b].

Let 8X be the positive function associated with 6, by the definition of an £-full

cover, and let 82 be the positive function associated with E by the intersection

condition. Set 83 = min{5,, 82).

We obtain the existence of partitions by a standard category argument. Define §

as the collection of all open intervals (c, d) C [a, b] such that 6 contains a partition

of every closed interval contained in (c, d), and write G = U {(c, d): (c, d) E §}.

Observe, firstly, that if G contains an interval [x, y] then, by a simple compactness

argument, 6 must contain a partition of [x, y]. Secondly, if (x, y) is a component

interval of the (open) set G, the fact that E is bilateral assures that & must contain a

partition of [x, y].
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Consequently, the result we wish to prove depends on showing that G = (a, b).

Suppose not; then the set Q = [a, b]\G must be perfect. Let {(?„} be a ^-decom-

position of Q, and then, by Baire's theorem, one of these sets is dense in a nonempty

portion of Q. Suppose Qm is dense in Q Pi (c, d).

We shall show that G contains a partition of any interval [x, y] C (c, d), which

will contradict the definition of the set Q. If (x, y) contains no points of Q, then

(x, y) C G, and so G must contain a partition of [x, y] and we are done. Otherwise,

define x, = inf Q n (x, y) andyx = sup Q n (x, y). The intervals [x, xx] and [yx, y]

are either degenerate or else G contains a partition of each; hence we need only find

a partition of [xx, yx]. Now, x, and yx are, respectively, right-hand and left-hand

limit points of Q, and Qm is dense here, so we may find points x2, y2 G Qm with

x, < x2 <y2 <yx,0 < x2 — x, < 83(Xi), and 0 <yx — y2 < 83(yx). It remains only

to show that Q contains partitions of each interval [xx, x2], [x2, y2], and [y2, yx\

Each of these is supplied, by I.C, in an obvious way; for example, take a point z

in the intersection Ex n E n [x2, y2\ If z — x2 or z = y2, then the interval

[x2, y2] is a member of G and we are done; if x2< z < y2 then both intervals [x2, z]

and [z, y2] belong to Q, and again we have the partition.

Thus, we obtain a partition from (2 of every subinterval of (c, d), and this

contradiction proves (4.7.3).

5. Properties of primitives of path derivatives. We turn now to a study of ways in

which the intersection conditions of §3 require desirable behaviour of F-differentia-

ble functions. In particular, we show what is behind the many properties, possessed

by approximately differentiable functions, which we summarized in our introduc-

tion.

We begin by defining a notion of continuity connected with a system of paths;

this would include, as special cases, many familiar generalizations of continuity, such

as approximate continuity, preponderant continuity, and one-sided continuity.

5.1 Definition. Let E = {Ex: x E R} be a system of paths and let F be a

function. We say that F is £-continuous at a point x if

lim F(y) = F(x).
V — X

If Fis everywhere £-continuous, then we say that Fis £-continuous.

Note that any continuous function is necessarily £-continuous for any choice of

paths, and an F-differentiable function must be F-continuous.

5.2 Theorem. Let E — [Ex: x E R} be a system of paths that satisfies any one of

the intersection conditions of Definition 3.3. Then any E-continuous function is in the

first class of Baire.

Proof. By standard arguments [4,p. 104], if a function Fis not in the first class of

Baire, there must exist a perfect set Q and a positive number e, so that the oscillation

of F, on Q, exceeds e at every point of Q. Suppose such Q and e exist and yet F is

F-continuous.
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Let 8X be the positive function associated with F, for I.C, and choose a further

positive function 82 so that \F(y) - F(x)\< e/6 fory G Ex and 0 <\y - x\< 82(x).

Let 83 = min{8|, 82} and let {Qn} be a ^-decomposition of the set Q. By Baire's

theorem one of these sets, say Qm, is dense in a nonempty portion, say Q n (c,d),

ofQ.
Let x, j be any points in Q (1 (c, d) with x < y. We may choose points xm,ymE

Qm so that |x - xj< S3(x) and \y - ym\< 83(y). Then by I.C there are points

zm,z'm, and z^ such that each of the inequalities

|F(x)-F(zJ|<e/6,    |F(zJ-F(xJ|<e/6,    \F(xm) - F(z'J\< e/6,

\F(z'm)-F(ym)\<e/6,   \F(ym) - F(z£) |< e/6,   \F(z'^) - F(y)\< e/6

holds. But this gives \F(y) — F(x)\< e, which contradicts our choice of Q and e.

Consequently, F must be Baire 1, as required. The same proof, with slight modifica-

tions, works under any of the intersection conditions.

5.3 Theorem. Let F be in the first class of Baire and E-continuous for a choice of

paths E = {Ex: x E R). If E is bilateral then F has the Darboux property.

Proof. This follows easily from [4, Theorem 1.1(2), p. 9]. In fact, it is also easy to

see that F must be bilateral for this to hold in general.

These theorems apply, of course, to F-differentiable functions, but, in fact, much

more can be said for these. Such functions, in the presence of an intersection

condition, are even [ylCG], and so B\* (in the language of [24]) or [C] (in the

language of [1]).

5.4 Theorem. Let E — [Ex: x E R) be a system of paths satisfying any of the

intersection conditions of Definition 3.3. Then any E-differentiable function is [ACG].

Proof. This is just a special case of Theorem 4.6, since we always assume that our

derivatives, if they exist, are finite.

5.5 Corollary. Let E = {Ex: x E R) be a system of paths satisfying any of the

intersection conditions and let F be an E-differentiable function. Then there exists a

sequence of intervals {Ik} whose union is dense in R and F is absolutely continuous on

each Ik. In particular, F is differentiable a.e. on a dense open set and is approximately

differentiable a.e. on R.

This will apply to a great many derivatives, as has been observed before. For

preponderant derivatives see [3] and for selective derivatives see [25]. The approxi-

mately differentiable functions permit a sharpening of this result which, in our

setting, appears in Theorem 7.6 below.

5.6 Corollary. If E = {Ex: x E R} is a system of paths satisfying any of the

intersection conditions, then any Darboux E-differentiable function possesses local

extrema on compact intervals.
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Proof. Since such functions are [/ICG] this follows from [24].

Note that these corollaries are not valid if the function is assumed merely to be

F-continuous. For example, even approximately continuous functions need not

assume local extrema on any compact intervals (see [24]).

6. Properties of path derivatives. It has been known for a long time that ordinary

derivatives possess the Darboux property and are in the first class of Baire.

Somewhat less well known is that derivatives also possess the Denjoy property: if

a < F'(x0) < jS then {x: a < F'(x) < B} has positive measure in every neighbor-

hood of the point x0. In his deep study of derivatives, Zahorski [46] showed that

derivatives posses still stronger properties, which he labelled 9K,2 an^ 9^3 ■

It had been known for some time that approximate derivatives also possessed

some of these same properties, but it was not until 1965 that the C3TL3 property was

obtained [41]. In recent years, other generalized derivatives have been shown to

share these same properties, at least in the presence of other conditions [23,27,32,

and 41].

Here we shall show how the basic conditions, defined in §3, can be used to

establish all of these properties for path derivatives. Some of our theorems provide

new and simpler proofs of known results, as well as giving a deeper insight into why

various properties must hold. For example, it is known that preponderant derivatives

are in (31L2, but may fail to be in 91t3. Theorem 6.10 shows exactly what is lacking in

the paths and provides a method of proving that some specific instance of a

preponderant derivative (which may yet fail to be an approximate derivative) will

belong to 91t3.

Our first result establishes that a path derivative is, under the appropriate

conditions, in the first class of Baire. This is obtained by generalizing, to our setting,

a theorem of Gleyzal [14] on convergent interval functions.

6.1 Definition. Let E = {Ex: x e R) be a system of paths, and let <p be a

real-valued interval function. We say that <p converges to a function f along E if for

every positive number e there is a positive function 8 so that |<p([.y, z]) — f(x)\< e

whenever y, z E Ex, y < x < z, and 0 < z — y < 8(x).

6.2 Theorem. Let E = {Ex: x E R} be a system of paths that has the external

intersection property (E.I.C. [m]). Then if y is an interval function converging to a

function f along E, f must be Baire 1.

Proof. We need a two sided E.I.C. with some choice of parameter m. For

simplicity let us take m = 1. As in the proof of Theorem 5.2, we obtain a

contradiction by supposing, contrary to the theorem, that there is a perfect set Q and

a positive number e, so that the oscillation of /on Q exceeds e at every point of Q.

Let 5, be that positive function associated with F, by the E.I.C, and choose a

further positive function 82 so that \<p([y, z]) - f(x) \< e/6 if y, z E Ex, y < x < z

and 0 < z - y < 382(x). Let 83 = min{8i, 82}, and let {Qn} be a 83-decomposition

of the set Q. Using Baire's theorem we may pass to a portion Q D (c, d) and a set

Qm dense in that portion.
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Let x, y E Q f) (c,d). Then since Qm is dense in Q f) (c, d), we may choose

points x,, yx E Qm so that |x - x, |< 83(x) and \y - y]\<83(y). By E.I.C. there are

points a and b so that a < x < b, a < x, < b, a, b E Ex, a, b E £A|, b — a < 382(x),

and b - a < 382(xx). This means \y([a, b]) — f(x)\< e/6 and \<p([a, b]) -/(x,)|<

£/6so|/(x) -/(x,)|<e/3. Similar arguments give \f(xx) - f(yx)\< e/3 and \f(yx)

-f(y)\<e/3.
Consequently, we must have |/(x) —/(_y)|< e for any choice of points x and y

from Q n (c, d), which contradicts our choice of Q and e. This contradiction proves

the theorem.

6.3 Corollary. Let E = [Ex: x E R) be a system of paths satisfying the external

intersection property (E.I.C. [m]). Then any E-derivative is Baire 1.

Proof. This follows directly from the theorem, since if F'E(x) = f(x) then/is the

limit of the convergent interval function <p([y, z]) = [F(z) - F(y)]/(z - y) along

E.

As a consequence of this corollary, we immediately have that approximate

derivatives are in the first class of Baire. There have been a number of proofs for this

fact. The first of these was given by Tolstoff [37] and is quite complicated;

subsequent proofs by Goffman and Neugebauer [15] and by O'Malley [26] are

simpler but less accessible than that presented here. Note that this extends im-

mediately to preponderant type derivatives along paths of type (c, c) density for any

c > {- and, with a few minor modifications, can be used to prove the strict case for

c = j. Selective derivatives are, in general, not Baire 1 (see [25]), though they must

be Baire 2 (see [19]); consequently, selective derivatives will not always be realizable

as path derivatives relative to systems satisfying an external intersection condition.

Peano derivatives have been proved to be Baire 1 (see [23]), but, as it is unknown

whether they can be realized as path derivatives relative to systems satisfying the

E.I.C, we cannot say whether this fact can follow from Corollary 6.3.

In the sequel we shall often assume that a path derivative is given to be Baire 1.

Since this can happen without E satisfying an E.I.C, this allows us more flexibility

than is possible by carrying throughout an assumption that E satisfies this condition.

Often one can tell by inspection that a derivative is Baire 1; for example, if the

primitive is continuous then the nature of the paths may be enough to obtain this.

Certainly, congruent type paths ensure that this is the case. Denjoy [10] showed that

if a continuous function has a unique bilateral derived number at each point, then

that bilateral path derivative must be Baire 1.

6.4 Theorem. Let E = {Ex: x E R} be a system of paths that is bilateral and

satisfies the intersection condition. Iff is an exact E-derivative and is Baire 1, then f

has the Darboux property.

Proof. Since /is Baire 1, the proof may be reduced to showing the impossibility

of the following situation: there is an interval [c,d] and a positive number t so that

f(x)>f(c) + t for all xE(c,d] (see [4,Theorem  1.1, p. 9]). Let e<t be an
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arbitrary positive number and choose a positive function 8 so that

(F(y) - F(x))/(y - x) > f(x) - e/2 > f(c) + f/2

for every j E Ex, x E(c,d],0 <\y - x|< 8(x) and 8(c) < e with

(F(y) ~ F(c))/(y-c)>f(c) -e    fory E Ec and 0 <y - c < 8(c).

Let G be the collection of all intervals [x, y] or [c, z] with c < x < y < d and

c < z «s d such that

^(jQ ~ Hx) .  f( ,  ,   t F(z) - F(c)
-JZ-X->/(c) + 2    and    -^—-—*■>/(<:)-e.

This collection G is an F-full cover of the interval [c, d] (recall the definition

preceding (4.7.3)) and so, by (4.7.3), contains a partition of any subinterval of [c, d].

Consider any interval [c, c'] with c + e < c' < d: then there is in G a partition {It}"=,

of [c, c'] such that one of the intervals (say /,) has /, = [c, c"] with c" < c + e. This

gives

F(c')-F(c) = 2F(I,) = F(lx) + 2F(Ii)
1 2

> (/(c) - e)(c" - c) + (/(c) + r/2)(c' - c").

Here c < c" < c + e and e is arbitrary; it follows then that, in fact,

F(c')-F(c)>(f(c) + t/2)(c'-c)

for every c < c' =£ d. This requires, however, that FE(c) > f(c) + f/2, which con-

tradicts the fact that/(c) = F'E(c). This contradiction establishes the theorem.

This theorem, along with 6.3, shows that every approximate derivative, and every

preponderant derivative, is Darboux Baire 1. Note that the assumption that E is

bilateral cannot be dropped, for if there is a single point x0 at which Ex is not

bilateral, then the function F(x) =|x — x0| is necessarily F-differentiable for any

such £, and, clearly, F'E cannot be Darboux continuous. However, in the presence of

other assumptions, the intersection condition is not necessary. By a theorem of

Denjoy [10], any function /, for which f(x) is a bilateral derived number of a

continuous function F at x, must be Darboux (even though it need not be Baire 1).

Thus, for continuous primitives F, a derivative F'E will be Darboux, provided only

that E is bilateral. This means, too, that congruent and sequential-congruent type

derivatives of continuous functions are Darboux Baire 1 on the assumption that the

paths are bilateral. For the sequential-congruent derivatives, this has been observed

by Petruska and Laczkovich [32].

We turn now to the Denjoy property. Evidently, the fact that a derivative / be

Darboux Baire 1 is not enough to conclude that it possesses the Denjoy property.

(By [46] such functions need not have this property, and by 3.1 any such function

can be realized as a derivative along appropriate paths.) Nevertheless, it is somewhat

surprising that every known path derivative, which is Darboux Baire 1, also has the

Denjoy property. When taken together with Theorems 4.7, 6.3, and 6.4, Theorem

6.7, below, offers some insight into this phenomenon.
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One of the keys to the Denjoy property is a monotonicity property. Rather than

impose conditions on the system F, so that such a monotonicity theorem is

available, we retain more flexibility by taking this as a definition. In this way, our

Theorem 6.7 has a larger range of applicability.

6.5 Definition. Let E = {Ex: x E R} he a system of paths and F a function on

R. We say that F has the monotonicity property relative to E if on any interval [a, b]

the conditions F'E(x) exists a.e. in [a, b] and F'E(x) > a a.e. in [a, b] [resp. F'E(x) < a]

imply that the function F(x) — ax [resp. ax — F(x)] is nondecreasing on [a, b].

Our next theorem summarizes some situations in which a monotonicity property is

available.

6.6 Theorem. Let E = {Ex: x E R} be a system of paths and let F be a function. If

any of the following hold, then F has the monotonicity property relative to E:

(6.6.1) E is bilateral and satisfies the intersection condition, and F is E-differentiable.

(6.6.2) E satisfies the intersection condition and F is Darboux and [ACG].

(6.6.3) F is bilateral and satisfies the intersection condition, and F is Darboux Baire

1 with F£(x) = F'E(x) n.e.

(6.6.4) £ is bilateral (or merely unilateral but from an invariable side), and F is

continuous with finite E-derivates n.e.

Proof. For (6.6.1) the monotonicity property follows directly from Theorem

(4.7.1), and for (6.6.3) it follows from (4.7.2).

For (6.6.4) we need only apply a classical monotonicity theorem for the Dini

derivatives of a continuous function (see, for example, [4, p. 189]).

Finally, (6.6.2) follows from a monotonicity result of Ellis [12], since in the

presence of an intersection condition, a derivative FE(x) will only differ from the

derivative Fa'p(x) on the set where they both exist at a denumberable number of

points (this follows from Theorem 4.2).

We now state our theorem giving conditions that ensure that a derivative will

possess the Denjoy property.

6.7 Theorem. Let E = {Ex: x E R] be a system of paths and let F be an

E-differentiable function that has the monotonicity property relative to E. If F'E is

Darboux Baire 1, then F'E has the Denjoy property.

Proof. The standard proof (see [4, Theorem 2.1, pp. 87-88]) is easily amended to

apply in this situation.

6.8 Corollary. Let E — {Ex: x E R) be a system of paths that is bilateral and

satisfies both the intersection condition and the external intersection condition (E.I.C.

[m]). Then any E-derivative has the Denjoy property.

6.9 Remark. Zahorski's property 9H2 is closely related to the Denjoy property. A

function/is in the class <D1t2 if all sets of the form Ap = {x: f(x) < B) and Aa = {x:

f(x) > a) are of type £0 and have positive measure in any unilateral neighbourhood

of each of their members. For Baire 1 functions with the Darboux property, the

Denjoy property and 91L2 coincide. This is easy to see once one observes that a
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function/ is Darboux Baire 1 if and only if each set of the form Ap or Aa is an Fa

that is bilaterally dense-in-itself [46]. See the material in [4, Chapter VI] for an

extensive discussion of the Zahorski classes.

We turn now to the next Zahorski class 9H3. Zahorski [46] obtained this property

for ordinary derivatives, and Weil [41] extended it to approximate derivatives. No

other derivative of a weaker density type (e.g. the preponderant) has this property.

In order to see why this is the case, and indeed, to characterize those path derivatives

that are 91L3, we need to view 9H3 within the context of set porosity. A moment's

reflection will reveal that any function/that already possesses the cDlt2 property will

have the stronger 9lt3 property if and only if each of the associated sets Ap and Aa is

nonporous at each of its members. Thus, our next theorem completely describes the

setting in which a path derivative can have the 9tt3 property.

6.10 Theorem. Let E = {Ex: x E R] be a system of paths and F an E-differentiable

function that has the monotonicity property relative to £ and for which F'E has the

Darboux property. Suppose that, at a point x, a < F'E(x) < B. Then if E is nonporous

on the right (left) at x, the set A^ = {z: a < F'E(z) < /?} is also nonporous on the right

(left) at x. Conversely, if Ex is porous on the right (left) at x, then a function F can be

found that is continuous on R, continuously differentiable on R\{x}, and for which F'E

exists and belongs to 91t2, and yet the set A% = {z: a < F'E(z) < B) contains x and is

porous on the right (left) at x.

Proof. If A% is porous on the right at x, we may choose a sequence hn |0 and a

number 0 < 8 < 1 so that A% intersects no interval [x + 6hn, x + /?„]. We obtain a

contradiction from the fact that Ex is supposed to be nonporous on the right at x,

and this contradiction supplies the first part of the theorem. We assume B s* 0.

On each interval [x + dhn, x + hn] we know that either F'E < a or FE ~» B since,

by hypothesis, F'E is Darboux. Thus, passing to a subsequence if necessary, we obtain

a sequence [hn] so that F'E(z) *£ a for every z E [x + 8h„, x + hn], or else F'E(z) > B

for such z. Let us suppose the latter. Since F'E(x) < ft, there is an integer k so that

FE(x) < kB/(k + 2).
As Ex is given to be nonporous on the right at x, the set Ex must intersect all but

finitely many of the intervals [x + 8hn, x + hn]; moreover, if we divide each of these

intervals in k + 2 equal subintervals, Ex must even meet all but a finite number of

these. In particular, we can find a sequence of intervals /„ = [c„, d„], with c„, dn E

Ex n [x + 8h„, x + hn], so that

\J„\>J^2\[x + 8hn,x + h„]\=k(l-8)hn/(k + 2).

On each interval /„ we know that F'E(z)> B so that, by the monotonicity

property, F(J„) >B \J„ |.
Write /„ = [x, c„] and Kn = [x, d„] and note that F(Kn) = F(/„) + F(J„); this

gives

F(K„) _F{In)    _KJ       FU)_    \JJ
\K„\   '      |/J      | if J        \J„\      \K„\-
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Now we know that F(K„)/\Kn\-+ F'E(x) and F(In)/\In[-> F'E(x), and we have

\I„\/\Kn\s* 8hjhn = 8 and \Jn\/\Kn\s* k(\ - 8)/(k + 2). Combining these facts

gives

F'E(x)>8FE(x) + B(l-8)k/(k + 2),

and hence F'E(x) > fik/(k + 2), contrary to our choice of k. This contradiction

establishes the first part of the theorem.

For the final part of the theorem, suppose Ex is porous on the right at x, and let us

simplify the computations by taking x = 0. Then there is a sequence hn !0 and a

number 0 < 8 < 1 so that £0 n [8hn, hn] = 0, for all n. By passing to a subse-

quence if necessary, we may suppose hn+x < 8hn.

Let 8 < 8X < 82 < 1 be chosen and construct a function g, continuous except at 0,

so that g(z) = 2 if z E [8xhn, 82hn], g(z) = 0 if z belongs to no interval [8hn, hn],

and Jg vanishes on each of these intervals. Define F(z) — /0Z g(t)dt. Certainly,

F'E(z) — g(z) everywhere, and yet the set {z: -1 < g(z) < 1} is porous on the right

at 0. This function F is the promised example, so the theorem is proved.

6.11 Corollary. Let E = {Ex: x E R} be a system of paths and suppose F is an

E-differentiable function that has the monotonicity property relative to E. Then if £ is

nonporous and F'E is Darboux Baire 1, F'E must have Zahorski's 91t3 property. Indeed,

every set of the form A^— {a < F'F(x) < /?} is in the class M3.

6.12 Corollary. Let E — {Ex: x E R) be a system of paths that is nonporous and

satisfies I.C. and E. I.C. Then every E-derivative has the 91t3 property, and every set of

the form A% = {x: a < F'E(x) < B} for an E-differentiable function F is in the class

My

7. Differentiability criteria. The literature abounds with theorems which assert that

a function differentiable in some generalized sense and meeting certain conditions

must be, in fact, differentiable in the ordinary sense at some given point or on some

substantial set. For example, a bounded approximate derivative is just an ordinary

derivative; if a function has a Dini derivative that is continuous at a point, then that

function is differentiable there. Our Theorem 5.4 and its corollary provide ordinary

differentiability a.e. on a dense open set under mild hypotheses. In this section we

obtain further results of this type. In general, of course, £-differentiability need

imply nothing about ordinary differentiability (cf. Theorem 3.1).

7.1 Theorem. Let £ = {Ex: x E R) be a system of paths and F an E-differentiable

function that has the monotonicity property relative to E. Then if F'E is continuous at a

point x, F is, in fact, differentiable there and F'E(x) = F'(x).

Proof. Given e > 0 choose an interval (a, b) containing the point x so that

FE(x) — e < FE(z) < FE(x) + e for all z in the interval (a, b). Using a = FE(x) — e

and B — FE(x) + e, we have FE(z) s* a and FE(z) =s B everywhere in that interval,

which, by the monotonicity property, requires F(z) — az and F(z) — Bz to be,
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respectively, nondecreasing and nonincreasing. From this we obtain

FE(x)-e^a^F^yZF^KB = F'E(x) + e

everywhere in that interval. The theorem now follows easily.

7.2 Corollary. If E = {Ex: x E R) is a system of paths that is bilateral and

satisfies the intersection condition, then for any E-differentiable function F, if x is a

point of continuity of F'E it is a point of differentiability of F.

Proof. By (6.6.1) such an F has the monotonicity property relative to £.

7.3. Corollary. If E and F satisfy the hypotheses of the theorem and F'E is Baire 1,

then F must be differentiable on a dense set of type Gs.

This theorem, together with its corollaries, shows that, under a number of simple

hypotheses, any path derivative must actually be an ordinary derivative on a set that

is large in a certain topological sense. Our next two theorems further examine the set

of differentiability points for such functions.

7.4 Theorem. Let E = [Ex: x E R] be a system of paths satisfying the intersection

condition and let F be a continuous E-differentiable function. Then F must be

differentiable in the ordinary sense on a residual set.

Proof. This follows directly from Theorem 4.3.

7.5 Theorem. Let E = [Ex: x E R) be a system of paths that is nonporous on the

right (left) at a point x. If F is a function monotonic in a neighbourhood of x and

E-differentiable at x, then F is even differentiable from the right (left) at x and

F'+(x) = FE(x)(F_(x) = FE(x)).

Proof. This follows directly from 4.4.

For approximate derivatives this result dates back to Khintchine [18]. Swiatkowski

[36] has proved an essentially equivalent theorem, stated in the language of filter

derivatives, and Petruska and Laczkovich [32] give a version appropriate to path

derivatives of sequential-congruent type.

It should be apparent that nonporosity of the paths, in the presence of other

properties, must say a great deal about the differentiability behaviour of £-differen-

tiable functions. For example, if F has the monotonicity property relative to £, and

F'E is bounded on some interval [a, b], it follows that Fwill be differentiable at any

point of [a, b] at which the path is nonporous. Similarly, if we know that F'E is Baire

1 (rather than bounded) we can produce a sequence of intervals, whose union is

dense in R, on each of which the same will be true. There are numerous theorems

possible; the one we now state can be considered a direct generalization of the

corresponding assertion for approximate derivatives.

7.6 Theorem. Let E = [Ex: x E R) be a system of paths that is nonporous and

satisfies both I.C. and E.I.C. If F is E-differentiable then there exists a sequence of

open intervals {Ik}, whose union is dense in R, on each of which F is differentiable and

F = F'E.
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Proof. This follows immediately from the preceding discussion.

Note that Theorem 7.6 presents a considerable improvement over the result we

obtained above in Theorem 5.5, in that, with a nonporosity assumption, £is actually

differentiable on a dense open subset of R rather than merely a.e. differentiable on a

dense open set.

7.7 Remark. We have remarked above on conditions that ensure that a bounded

£-derivative must be an ordinary derivative. A similar argument will reveal that,

under these assumptions, if an £-derivative is merely dominated by an ordinary

derivative, then it must itself be an ordinary derivative. To see this, let F'E = f be an

£-derivative and g—G' an ordinary derivative with / *s g. Then H = G — F is

£-differentiable and H'E > 0. Thus, under any monotonicity assumption, H is

nondecreasing and so, assuming nonporosity, differentiable in the ordinary sense.

Clearly it follows that F too is differentiable.

We now conclude this section with a few further results that continue this same

theme of when differentiability in some sense implies differentiability in another

sense.

7.8 Theorem. Let E = {Ex: x E R) and E* = {£*: x E R) be two systems of

paths, both of which satisfy the intersection condition. If a function is both E-differentia-

ble and E*-differentiable on a set X, then {x E X: F'E(x) ¥= F'E,(x)} is at most

denumerable.

Proof. This follows directly from Theorem 4.2.

7.9 Corollary. Let £ = {Ex: x E R) be a system of paths satisfying the intersec-

tion condition. If F is E-differentiable a.e. on a set X, then F is approximately

differentiable a.e. on that set, and F'E(x) = F^p(x) a.e. in X.

Proof. By Theorem 4.5 we know that F is VBG on any set on which it is

F-differentiable, so it must be approximately differentiable a.e. on such a set. But

the approximate derivative (which is a path derivative satisfying I.C.) cannot differ

from FE(x) at more than a countable number of points on the set at which they both

exist because of the theorem.

7.10 Theorem. Let F be Baire 1. Then F is differentiable if and only if there is a

choice of paths E = {Ex: x E R) for which F is E-differentiable, with each Ex dense in

some neighborhood of x.

Proof. We omit the trivial proof.

7.11 Corollary. A qualitatively differentiable function [20] is differentiable.

Proof. This follows directly from the theorem along with Theorem 5.2.

8. Miscellaneous results. In this section we collect some further observations about

the behaviour of path derivatives under our assumptions. The first of these concerns

the oscillatory nature of a path derivative that is not also an ordinary derivative and

is closely related to the results, obtained in [30], for the approximate derivatives and

for Peano derivatives.



120 A. M. BRUCKNER. R. J O'MALLEY AND B. S. THOMSON

Recall that a function / that is the approximate derivative of a function F on an

interval [a, b] is, in fact, the ordinary derivative of F on a dense open set

AF E [a, b]. If there are points in [a, b] at which F is not differentiable, then/must

be unbounded both above and below on that interval; in fact, / must be unbounded

both above and below on AF. The result, in [30], shows more about the nature of this

oscillation: given any number M there must be a component interval of AF on which

/ assumes every value between -M and M. This has a number of useful conse-

quences. Here we show that several of our assumptions are sufficient to obtain a

generalized version of this phenomenon.

8.1 Theorem. Let E = {Ex: x E R) be a nonporous system of paths satisfying the

intersection condition. Suppose that F is an E-differentiable function with F'E Baire 1.

Then if F'E attains the values M and -M on an interval I0, there is a subinterval I of I0

on which F is differentiable and F' attains both values M and -M.

Proof. The proof follows the lines in [30, Theorems 4.1 and 4.2] and, in

particular, uses the key lemma [30, Lemma 3.1, p. 468]. Note that our assumptions

on £, that it is nonporous and satisfies the I.C, immediately give us a number of

facts. From Theorem 6.4 we know that F'E has the Darboux property, from (6.6.1) we

have a monotonicity property for F relative to £, and from Theorem 7.6 (but

without E.I.C. since we are assuming here that F'E is Baire 1) the set of points

AF = int{x E I0: F'(x) exists} is a dense open subset of I0.

We wish to show that there is a component of A E on which F'E assumes the values

M and -M. Suppose, contrary to the theorem, that this is not the case; then, since F'E

has the Darboux property, on any component interval (a, b) of the set Af we must

have either F'(z) > -M or F'(z) < M for every z in (a, b).

Define the set P = /0\Af. It is easy to see that P is nonempty and closed. In fact,

P is perfect. To see this, it is enough to observe that in each interval [a, b],

contiguous to P in I0, either F(z) + Mz or Mz — F(z) is nondecreasing, so, by

Theorem 7.5, the one-sided derivatives F'+(a) and F'_(b) must exist and agree with

F'E(a) and F'E(b), respectively.

Since F'E is given to be Baire 1, there must be points in P at which F'E is continuous

relative to P. We claim that at such a point x0, \FE(xQ)\^ M. For suppose that

F'e(xq) > M (a similar argument holds if F'E(xQ) < -M). Then there is an open

interval I, containing x0, for which F'E(x) > M for every x E / D P. On the

intervals (a, b), that are complementary to P in I, we know that FE(x) < M or

FE(x) > -M. As F'E is Darboux, this means that on every such interval it must be

the case that F'E(x) > -M, so, in fact, F'E(x) > -M everywhere in /. By the

monotonicity property, F(z) + .Mz is nondecreasing on I, so, by Theorem 7.5, it

follows that F is even differentiable on £ This contradicts the fact that x0 E / n P

and proves our claim.

Let 8X be the positive function associated with £ by the intersection condition. Let

82 be a positive function chosen so that

\(F(y)-F(x))/(y-x)-F'E(x)\<\
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for every y E Ex with 0 <\y — x\< 82(x). Let 83 be a positive function chosen so

that, if 0 < f < 83(x), then any interval / C (x — f, x + f) with \I\> t/3 must have

/ n Ex #= 0 (this is just the porosity condition on the sets {£x}). Write 84 =

min{8,, 82, 83} and let {£„} be a ^-decomposition of P.

Using the facts that (i) F'E is Baire 1, and (ii) the sets Pn cover P, we may find a

nonempty portion P D (c, d) so that (i) | F'E(x) |< M + 1 for every x E P D (c, d)

(this is possible because of the discussion in the preceding paragraph), and (ii) some

set Pm (say) is dense in P n (c, d).

The proof is completed by showing that F must be differentiable at every point of

the interval (c,d), which contradicts the fact that it contains points of P. This

contradiction then establishes the theorem.

The differentiability is obtained by verifying that the conditions of Lemma 3.1 of

[30] hold at any point in P n (c, d). Suppose x E P C\ (c, d),X = F'E(x), and e > 0

is given. Then there must exist a number 8 > 0 so that, whenever 0 <\y — x\< 8,

there are numbers yx <y <y2 with

(1) \F(y,)-F(x)-X(yt-x)\<e\yi-x\       (l = 1,2),

and

(2) \yt-y\<e\y-x\     (1 = 1,2).

yx and y2 are merely chosen from Ex: if such choices cannot be made, it is easy to

check that Ex would then be porous at x, contradicting the hypotheses of the

theorem.

It remains to show that the choice of yx and y2 can be made so that one of the

conditions 3(a), 3(b), or 3(c) of [30, Lemma 3.1] is satisfied. Certainly, if yx and y2

belong to the same component interval of Af, then our assumptions that £' < M or

F' > -M on such intervals give immediately that 3(a) or 3(b) must hold. If, on the

other hand, [yx, y2] n P ¥= 0, then we can show that one of the two inequalities

of 3(c) must hold by establishing several bounds on the difference quotient

| (F(y) — F(x))/(y — x) | for various choices of x and y in (c, d).

Firstly, if x and y belong to Pm then, since \FE(x)\<M+l on Pm,

standard arguments using the I.C (cf. 4.5 or 4.6 above) provide the inequality

\(F(y) - F(x))/(y - x)\< M + 2. Again, as in 4.6 for example, this inequality

extends to the closure of Pm, so we have this inequality for any pair of points x and.v

in P n (c, d).

Now suppose (a, b) is a component interval of h.F in (c, d): we claim that for any

x E [a, b],

\F(x) - F(a)\*i5(M + 2)(x-a)

and

\F(b) - F(x)\<5(M + 2)(b- x).
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It will suffice to prove only the first of these inequalities in the case where F' < M

on (a, b). Consider first the case (a + b)/2 < x < b: then we have 0 « b - x *s x

-a,  F(x) - F(a) < M(x - a),  F(b) - F(a) > -(M + 2)(b - a),   and  F(b)-

F(x) <S M(b — x). Combining these gives

M(x-a)>F(x) - F(a)>[F(b) - F(a)] +[F(x) - F(b)]

> -(M + 2)(b -a)- M(b - x)

> -(M+2)[(b-x) + (x- a))-M(b- x)

>-(M+ 2)(2)(x - a) - M(x -a)>-3(M+ 2)(x - a)

so|F(x) - F(a)\< 3(M + 2)(x - a).

The remaining case, a < x < (a + b)/2, requires different handling. Set f = x — a

and choose a point z so z E Pm C\ (a — t, a) (which is possible since Pm is dense in

P n (c, d)). The interval (x, x + f) exceeds in length \ of the interval (z,x + t), so,

by the way in which the decomposition was chosen, there must be a point y in the

intersection E, n (x, x + t). This gives

\(F(y) - F(z))/ (y - z)\<\F'E(z)\ +\ < M + 2.

Consequently, we have the following inequalities, again assuming F' < M on (a, b):

x~a>y — x,    x — a^a — z,    F(x) — F(a) < M(x — a),

F(z) - F(a)> -(M + 2)(a-z),

F(y) - F(x) < M(y - x)    and   F(y) - F(z) > -{M+ 2)(y - z).

Combining these gives

M(x -a)> F(x) - F(a) >[F(z) - F(a)] +[F(y) - F(z)] +[F(x) - F(y)]

>-(M+ 2){a - z) - [M + 2){y - z) - M(y - x)

= - (M + 2)[(a - z) + (y - x) + (x - a) + (a - z)] - M{y - x)

= -5(M + 2)(x- a),

so |F(x) - F(a)|< 5(M + 2)(x - a).

Finally, we wish to establish such an inequality for points x and y which are not in

the same component of AF. If x and y both belong to P n (c, d), then we already

have \F(y) — F(x)|^(M + 2)|j — x|. This leaves three other cases which may

occur; it is sufficient for us to indicate the inequality for x<y, x E Af and

y E P fl (c, d). Let (a, b) be that component of AF to which x belongs. Then we

have

\F{x)- F(b)\<5(M + 2)(b- x)    and   \F(y) - F(b)\^ (M + 2)(y - b)

from the above, so \F(y) - F(x)|< 5(M + 2)(y - x).

These inequalities for the difference quotient \[F(y) - F(x)]/(y - x)\ thus

guarantee that the conditions of [30, Lemma 3.1] can be fulfilled at any point of

P n (c, d). It follows then that F must be differentiable at each such point, which

contradicts the definition of P and proves the theorem.

There are many consequences that can be drawn from Theorem 8.1.



PATH DERIVATIVES 123

8.2 Corollary. Under the hypotheses of Theorem 8.1, an exact derivative F'E has

the Darboux property on the set of differentiability of F.

8.3 Corollary. Under the hypotheses of Theorem 8.1, if F vanishes on a dense set,

then F is identically zero. Consequently, any two such E-differentiable functions which

agree on a dense set must agree everywhere.

Some final corollaries shed some light on a large number of monotonicity

theorems which have appeared in the literature in recent years. With the help of

Theorem 8.1, we can easily establish a reduction theorem which indicates that

monotonicity theorems which hold for differentiable functions must also hold for

£-differentiable functions under appropriate assumptions on the paths [Ex: x E R).

This generalizes a theorem on approximate derivatives given in [30]. To formulate

this precisely we introduce some notation. Let A denote the family of differentiable

functions, A£ the family of £-differentiable functions whose derivatives are Baire 1,

where £={£x:xEjR}isa system of paths, and let % denote the family of all

nondecreasing functions. For any family S of functions on R and any interval

I C R, we write S(7) as the family of restrictions of functions in S to I.

8.4 Theorem. Let E = [Ex: x E R} be a system of paths that are nonporous and

satisfy the intersection condition. Let 9 be. a family of functions on R. If A(7) n 9(1)

C 91(7) for every interval I G R, then A£(/) n 9(1) C %(I) for all I C R.

Proof. If F is in A£( 7) but not in 91(7) for some interval I, then there must be a

point x0 E I at which F'E(x0) < 0, otherwise, by Theorem 4.7, F would have to be

nondecreasing on I. By Theorem 8.1, there must be an interval J C I on which F is

differentiable and F' assumes some negative values. But then F cannot be in 9 since

that implies A(/) n 9(J) is not contained in %(J). This completes the proof.

By choosing various families 9 we obtain a number of monotonicity theorems as

corollaries. For the first of these, we merely take 9 as the family of all functions

whose £-derivatives are nonnegative a.e. on the set where F is differentiable.

8.5 Corollary. Lef £ = {Ex: x E R) be a system of paths that are nonporous and

satisfy the intersection condition. If F is E-differentiable, F'E is Baire 1, and F'E(x) ~3* 0

for almost every x at which F is differentiable, then F is nondecreasing.

Similarly, we obtain in the obvious way

8.6 Corollary. Let E = [Ex: x E R) be a system of paths that are nonporous and

satisfy the intersection condition. Then, if F is E-differentiable, F'E is Baire 1, and F is

nondecreasing on every interval on which F is also differentiable, F is nondecreasing.

Note that a feature of this theorem and its corollaries is that the £-differentiable

function that is proved to be nondecreasing must, in fact, because of Theorem 7.5,

be differentiable. The negative of the Cantor function provides a ready counter-

example to a number of plausible, but false, variants of these corollaries.
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